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The segmentation of vertebrate embryos, a process known as somitogenesis, depends on a complex genetic
network that generates highly dynamic gene expression in an oscillatory manner. A recent proposal for the
mechanism underlying these oscillations involves negative-feedback regulation at transcriptional translational
levels, also known as the “delay model” �J. Lewis Curr. Biol. 13, 1398 �2003��. In addition, in the zebrafish a
longitudinal positional information signal in the form of an Fgf8 gradient constitutes a determination front that
could be used to transform these coupled intracellular temporal oscillations into the observed spatial periodicity
of somites. Here we consider an extension of the delay model by taking into account the interaction of the
oscillation clock with the determination front. Comparison is made with the known properties of somite
formation in the zebrafish embryo. We also show that the model can mimic the anomalies formed when
progression of the determination wave front is perturbed and make an experimental prediction that can be used
to test the model.
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I. INTRODUCTION

Genetic networks can create complex temporal distribu-
tions of intracellular proteins in cells, and it is these changes
in cells �the genotype� that ultimately results in multicellular
morphogenesis in which complex spatial and temporal dis-
tributions of cells are observed �the phenotype�. A great deal
of biological work has been expended in identifying these
intracellular genetic networks, but how they ultimately lead
to morphogenesis remains to a large degree unknown. One
very-well-studied case biologically is, however, the genetic
network involved in somite formation �the embryonic re-
peated backbone and associated musculature structure in ver-
tebrates�. Many of the elements of this genetic network have
been identified, and its oscillatory dynamics suggests that an
intracellular clock mechanism is involved in somitogenesis.
Such a somitogenesis clock has been identified in chick,
mouse, zebrafish, and frog, which results in oscillatory gene
expression of several proteins in the presomitic mesoderm.
Two major questions are therefore how such somitogenesis
clock oscillations are generated and how they regulate seg-
mentation. The intracellular oscillations are by now well un-
derstood and are described below, while how they may inter-
act to create spatial structure is the subject of this paper.

Genetic oscillators play an important role in various bio-
logical processes. Probably the best known are the circadian
clocks which permit organisms to anticipate the daily
changes of environmental conditions. Less known but not
less important is the segmentation clock �1,2�, which is
thought to drive the periodic and sequential segmentation of
the vertebrate embryo along its anterior-posterior axis into
blocks of cells called somites, the precursors of axial bone
and muscle. This clock comprises a multicellular genetic net-
work of oscillators located within the presomitic mesoderm
�PSM�.

Because of the crucial nature of segmentation in multicel-
lular development, several models have been proposed to

explain such periodic spatial structures �1,3–7�. The clock
and wave-front model proposed by Cooke and Zeeman in
1976 �2� is perhaps best known, but others include Mein-
hardt’s reaction diffusion model �8�; and Stern and cowork-
er’s cell cycle model �9�.

The clock and wave-front model postulates the existence
of a longitudinal positional information gradient down the
axis of vertebrate embryos. This gradient interacts with the
cellular oscillator, stopping the oscillations and producing a
rapid change in locomotory and adhesive behavior of cells
when they form somites. The oscillation in the PSM is the
somite clock, and the moving interfaces at the anterior end of
the PSM where the positional information reaches a critical
value is called the wave front. It is the interaction between
the clock phase and the positional information that controls
somitogenesis.

Recent prevailing models of somitogenesis �10,11� are
new versions of the clock and wave-front model involving
groups of cells within the presomitic mesoderm �the segmen-
tal plate� coalescing under the control of a slow-moving
wave front �in the anterior-to-posterior direction� and an in-
tracellular oscillatory cycle within the cells �3–6,10,12–14�.
Very recently, a model for the segmentation clock applied to
mouse somitogenesis has been published �15�. In such clock
and wave-front models, the state of the cells in the cycle
dictates what the cells should do when the wave front trig-
gers them. The production of segmental boundaries occurs
when cells in a permissive phase of the clock cycle encounter
a maturation wave front progressing caudally in the PSM. As
a result, segments are formed in a rostral-to-caudal �head-to-
tail� fashion at a temporal frequency defined by the clock and
a spacing defined by the speed of wave-front progression in
the PSM. The result is repeated “slicing” of the presomitic
mesoderm into somite-sized units �Fig. 1�.

Following these assumptions, we have therefore con-
structed a deterministic one-dimensional model and compare
the resulting spatial patterning with the somites for zebrafish
embryo. We use in our model a recent proposal for the

PHYSICAL REVIEW E 78, 021906 �2008�

1539-3755/2008/78�2�/021906�8� ©2008 The American Physical Society021906-1

http://dx.doi.org/10.1103/PhysRevE.78.021906


mechanism producing the intracellular oscillations as due to
delays in the synthesis of mRNA focusing specifically on the
zebrafish genes her1 and her7 and their gene products the
protein molecules Her1 and Her7 �12�. The position of the
wave front was shown to be defined by the concentration of
the secreted factor Fgf8 whose mRNA is expressed in a
graded fashion in the caudal PSM �14�. In our model the
signal created by the Fgf8 concentration interacts with the
clock phase �the intracellular concentration of a gene pro-
tein�, leading to cell differentiation and somite formation. At
low Fgf8 concentration, cell arrangement becomes more
compact and the epithelialization process underlying somite
formation begins. Similar results are obtained with our
model; somite formation begins when the interaction of the
determination front is done through her1 or her7 gene or
gene product, while the gene oscillation characteristic of the
immature PSM is sustained when the interaction is through
deltaC gene or gene product.

Recently, some attention has been paid to genetic net-
works in physics journals: on small networks like the mixed
feedback loop �16� or toggle switch �17�, on synthetic ge-
netic networks �18�, and an interesting study of the relation
between the quality of oscillations of the genetic networks
and stochastic time delays �19�. In this work the interaction
of a genetic clock with a spatial genetic signal producing a
spatial pattern is studied.

The paper is therefore written with the following struc-
ture: Section II is devoted to the description of the proposed
model and contains the results derived from it. In Sec. III, we
describe our proposal for the interaction of the Fgf8 gradient
with the clock phase of the genetic network as a her1 repres-
sor. The transcription in the synthesis of mRNA is essentially
a noisy process and is considered for haploid cells in the Sec.
IV. In Sec. V, we study the effect of a local perturbation of
the Fgf8 wave front on the spatial pattern of somites. Finally
a conclusion and discussion are presented in Sec. VI.

II. MODEL FOR SOMITE FORMATION

Oscillations in biological systems are typically generated
by negative-feedback loops �20�. The oscillator might be

some molecule that, with a delay, directly or indirectly inhib-
its its own production or activation. Recent papers have iden-
tified her1 and her7 as a pair of genes in the zebrafish that
jointly satisfy all these conditions to be central components
of the oscillator. Their mRNA concentrations normally oscil-
late in synchrony in the PSM, matching the periodicity and
phase of the gene deltaC, as though the mRNA levels of all
three genes are coordinately regulated �6�. When chromo-
somal deletion �1� or morpholino injections reduce the levels
of her1 and her7 or their gene products, the deltaC expres-
sion in the PSM also fails to oscillate and the physical pat-
tern of somite segmentation becomes grossly irregular. Simi-
lar but weaker effects are produced when morpholino
knockdown of her1 by itself �1,5,6�. In addition, it is known
that both genes are positively regulated by Notch signaling
�6,7� between cells �see below�, and, most importantly, they
appear to negatively regulate their own expression �5,6�.

Although the simplest possibility would be a feedback
loop in which Her1 or Her7 protein �we will use the notation
that her refers to gene mRNA while Her corresponds to the
gene product protein� directly binds to the regulatory DNA
of its own gene to inhibit transcription, it has been shown
that it is impossible to generate sustained oscillations in this
way �12�. Nevertheless, sustained oscillations can be ob-
tained via a negative delayed feedback �19,21�, simply by
taking account of the delays involved in the synthesis of
mRNA and proteins: the time between initiation of transcrip-
tion and arrival of the mature mRNA molecule in the cyto-
plasm, Tm, and the delay, Tp, between the initiation of trans-
lation and the emergence complete functional protein
molecule.

In order that cellular oscillations can couple in the multi-
cellular system leading to the possibility of synchronous dy-
namics, intracellular oscillations by themselves are not
enough and some cell-cell coupling mechanism is required.
This is supplied by the Notch pathway. Thus in the Notch
pathway mutants in which this coupling is missing the neigh-
boring cells are observed in a random assortment of phases.
On the other hand, the oscillators in neighboring cells must
normally be capable to some extent of influencing one an-
other, and when the Notch pathway functions, synchrony can
occur.

In other respects, however, we shall try and keep the
known biology, including a clock set by coupled intracellular
genetic networks using Notch signaling to couple the net-
works in the PSM �12�; and in order to consider a genetic
network explanation for the FGF signaling effect observed
biologically, we have included in our simulations self-
repression of her1 through formation of Her1-Her13.2 het-
erodimer complex.

One key approximation in our simulations will be to keep
the model one dimensional. Although the PSM is in reality a
three-dimensional structure and a mediolateral spread of ex-
pression waves has been described in chick �22�, for the
purposes of this study only the dominant variations along the
anteroposterior axis will be considered.

The model thus consists initially of a linear array of Nstart
cells that represents the starting size of the PSM with intra-
cellular oscillators driven by the her1 and her7 genes and
their associated gene product proteins. The oscillations be-

FIG. 1. An schematic illustration of somite formation within the
clock and wave-front model. Gene and gene product concentrations
in the cells of PSM experience temporal oscillations. In the top part
of the diagram, the positional information wave front is illustrated
together with the position of the determination front which we as-
sume represents the position at which the Fgf8 concentration gradi-
ent falls below a critical value. The somites form in an anterior to
posterior order as the wave front advances from head to tail.
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tween nearest-neighbor cells are coupled and synchronized
via Notch signaling �23,24�. The cell-cell communication
produced by means of the deltaC gene product Notch cross-
ing the cell membrane wall. In each cell in the array the gene
mRNA concentrations mk for the genes k�her1, her7,
deltaC and their associated gene products the protein con-
centrations pk obey the sets of coupled kinetic equations �see
�12��

dpk
i

dt
�t� = amk

i �t − Tpk
� − bpk

i �t� ,

dmk
i

dt
�t� =

1

nn
�
i�=1

nn

fk„pher1
i �t − Tmk

�,pher7
i �t − Tmk

�,

pdeltaC
i� �t − Tmk

�… − cmk
i �t� . �1�

Here the symbol i denotes the cell position in the linear
array; i� goes from 1 to nn the number of near-neighbor cells
of i �nn can be 1 if i is at an end or otherwise 2�, Tmk

is the
delay time from initiation of transcription to export of the
mature mRNA mk into the cytosol, Tpk

is the delay between
the initiation of translation and the emergence of the com-
plete protein molecule pk, a represents the protein pk synthe-
sis rate per mRNA molecule, b is the rate of protein pk deg-
radation, and c is the rate of mRNA mk degradation, while
the function fk represents the rate of production of new
mRNA molecules mk.

In order to reproduce oscillatory transcription with mini-
mum regulations we take into account only essential regula-
tions. To represent the action of protein products of her1 and
her7, regulation by homodimers of Her is not essential for
the cyclic transcription. Experimental observation supports
the exclusion of their involvement �25�. Somite segmentation
and clock gene expression is disrupted in the absence of
either Her1 or Her7, suggesting that the Her1/Her7 het-
erodimer plays the central role �26�. For the delta expression,
consideration of Her-dependent repression is sufficient and
another regulation term is not essential. Furthermore, there is
no experimental evidence that delta is under the control of
self-regulation in addition to Her-dependent repression
�23,27�.

In order to represent the action of protein products of her1
and her7 that combine as a heterodimer to inhibit her1 and
her7 expression and the positive regulation due to activated
notch, fk is assumed to be a decreasing function of the
amount of proteins pher1, pher7, and an increasing function of
the concentration of pdeltaC �28�. Thus, fk=her1/7 and fk=deltaC
are given by the Michaelis-Menten kinetics �12�

fher1/7„pher1
i �t��,pher7

i �t��,pdeltaC
i� �t��…

= Kher1/7
�deltaC

i� �t��

1 + �deltaC
i� �t��

1

1 + �her1
i �t���her7

i �t��
,

fdeltaC„pher1
i �t��,pher7

i �t��,pdeltaC
i� �t��…

= KdeltaC
1

1 + �her1
i �t���her7

i �t��
, �2�

where we used the notation t�= t−Tmk
and �k

i �t�= pk
i �t� / pk

crit.
pher1/7

crit is the critical number of molecules of Her1 or Her7
protein per cell, for inhibition of transcription, while pdeltaC

crit

represents the critical number of Notch molecules required
for activation of transcription. The mRNA concentrations for
the kind different of genes decrease when the Her1/7 protein
concentration are larger than their critical values pher1/7

crit or
when the DeltaC protein Notch concentration is below its
critical value pdeltaC

crit .
The concentrations of intercellular signaling molecules in

the cells are coupled between the nearest-neighbor nn cells
by means of the function fk through the DeltaC protein

Notch concentration of their neighboring cells pdeltaC
i� �t

−Tmk
�, as can be seen in Eq. �2�. The mRNA and protein

oscillations can occur without interactions between neighbor
cells, because the delays that take part in feedback loops are
intracellular. The interactions through fk connecting neighbor
cells are, however, crucial as they result in synchronous in-
phase oscillations in the linear array representing the PSM as
a whole to occur.

The concentrations of both protein and mRNA molecules,
pk and mk, are set equal to zero initially in all Nstart cells of
the linear array. The temporal evolution of pk and mk are
calculated with Eqs. �1� and �2�, for all molecules of the
linear array. To see whether her1 and/or her7 could generate
oscillations, the parameters a, b, c, K, pk

crit, Tmk
, and Tpk

were
estimated by Lewis �12� using biological data. The ranges
estimated for the intracellular delays are 10.2 min�Tmher1
�31.5 min, Tpher1

�2.8 min, 5.9 min�Tmher7
�20.1 min,

and Tpher7
�1.7 min, and the corresponding ranges for the

delays in the cell-cell signaling pathway are, 16 min
�TmdeltaC

�68 min and TpdeltaC
�5.5 min. Plausible values of

the constants involved in Eqs. �1� and �2� reported for
mRNA and proteins in eukaryotic cells are a=4.5 protein
molecules per mRNA molecule per minute �29�; b=c
=0.23 molecules per minute, corresponding to protein and
mRNA half-lives of 3 min �30,31�; 1�Kk�200 min−1 �32�
�we use in our simulations Kk=33 mRNA molecules per dip-
loid cell per minute, corresponding to 1000 transcripts per
hour per gene copy in the absence of inhibition �29��;
pher1/7

crit =40 molecules, corresponding to a critical concentra-
tion of �10−9 M within a 5-�m-diameter cell nucleus and in
the same way pdeltaC

crit =1000.
Concentrations of mRNA molecules of gene her1 and its

associated gene product protein Her1 as a function of time
for any cell of the PSM before somite formation begins are
shown in Fig. 2. Sustained oscillations of both concentra-
tions are obtained for the values of parameters specified in
the figure caption. The period obtained with these parameter
values is in good agreement with the observed period of
30 min for the zebrafish somite oscillator at 28 °C.

We suppose at time t=0 all the cells in the starting PSM
to be oscillating in phase, and therefore we begin with the
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linear array of Nstart cells and integrate the Eqs. �1� for the
time necessary to obtain coherent synchronous oscillations.

The growth of the PSM is assumed to be produced by
mitosis experienced by the last cells at the posterior end of
the linear array. During the mitosis process the transcription
and translation of genes are arrested �33� and cell division
lasts at least 15 min �34�. In order to simulate these experi-
mental features during the division we assume that the delay
times are doubled and the synthesis rate of mRNAs and pro-
teins is set to the halves. We calculate the rate of end cell
division according to measured growth rates �35� of one cell
every 5 min. Thus, it generates sequentially along the antero-
posterior axis the necessary cells for forming the future seg-
ments of the embryo: the somites that are created at the an-
terior portion of the PSM; see Fig. 1. In our simulations,
once the initial PSM has been obtained as a group of cells
oscillating in phase, the caudal motion of the wave front
starts. The wave-front velocity is given by the PSM growth
rate of one cell every 5 min. We assume that the wave front
interacts with cells by stopping the oscillations �see inset of
Fig. 2�. This effect may be obtained by freezing different sets
of gene and gene product concentrations at their values when
they meet the wave front, leaving the others to continue os-
cillating. The sets that accomplish this effect when freezed
may be any gene or gene product of her1/7 or any combina-
tion of them. The gene oscillation is not stopped if the gene
or gene product frozen are those of deltaC because the cell
oscillation may be sustained without the Notch pathway
communication in this model, as was shown experimentally
in �36�. An ansatz for the interaction of wave front with
oscillating genes is given in the section below. The observed
spatial shift in the phases of different cells is thus obtained

by the wave front catching different phases when passing
through different cells, a biological implementation of the
clock and wave-front model. We start with a PSM of 50 cells
with a growth rate and a wave-front velocity of one cell
every 5 min. We consider that the 20 last cells at the poste-
rior end can experience mitosis. A wave front advancing at a
rate of 1 cell /5 min creates a spatial wavelength of six to
seven cells �Fig. 3�. These six to seven cells form a somite,
with a differentiated structure between the anterior and pos-
terior portions of each somite. What the process is of cell
differentiation after the cell meets the wave front is beyond
the scope of this paper. When the simulation finishes in the
time t=900 min, we find that 28 somite pairs have been cre-
ated �Fig. 3�. The wave front sweeps 180 cells and the pos-
terior cells continue oscillating out of phase due to mitosis.

III. INTERACTION OF FGF8 GRADIENT WITH THE
CLOCK PHASE

Recently, it has been shown that FGF signaling up-
regulates a basic helix loop-helix transcription factor,
Her13.2, which maintains the oscillation of the Notch signals
in both the tailbud and PSM �37�. It has been recently pro-
posed that Hes6-related hairy/Enhancer of split-related gene,
her13.2, links FGF signaling to the Notch-regulated oscilla-
tion machinery in zebrafish �38�. Her13.2 can act as a tran-
scriptional repression with Her1, and enhancement of her1
repression by Her13.2 may be required for the periodical
repression of her1 in the posterior PSM. Experimental results
demonstrate that Her13.2 may enhance the self-repression of
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FIG. 2. Concentrations of mRNA molecules �number of mol-
ecules per cell� of gene her1 and its associated gene product protein
Her1 as a function of time for any cell of the linear array, including
the boundary cells. Sustained oscillations of both concentrations are
obtained for the following values of parameters involved in Eqs. �1�
and �2�: a=4.5, b=0.23, c=0.23, Kk=33, pher1/7

crit =40, pdelta
crit =1000,

Tmher1
=10.2, Tmher7

=5.9, TmdeltaC
=16, Tpher1

=2.8, Tpher7
=1.7, and

TpdeltaC
=5.5 min. �Inset� The oscillations are stopped when the cor-

responding cell is reached by the somitogenesis wave front. The
concentrations of protein and mRNA molecules of genes her7 and
deltaC have a similar behavior as the concentrations of mher1 and
pher1 shown in this figure.
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FIG. 3. Concentration of mRNA molecules �number of mol-
ecules per cell� of gene her1 as a function of cell number in the
somites. The concentrations were calculated using Eqs. �1� and �2�
and using the same parameter values as in the Fig. 2 �see caption�.
The concentration of mher1 belonging to cells that were reached by
the wave front was frozen. In our simulation the wave front ad-
vances at a speed of one cell every 5 min. We see the simulation at
time t=900 min at the end of somitogenesis in the zebrafish. At
t=900 min, 28 somites have formed. All other concentrations of
protein and mRNA molecules in the cells �namely, pk with
k=Her1, Her7, Notch and mk with k=her7, deltaC� have the same
qualitative behavior as the concentration of mher1.
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her1 presumably through formation of Her1-Her13.2 het-
erodimer complex �38�. In order to consider this result we
propose in our model an additional repressive term in fher1:

fher1„pher1
i �t��,pher7

i �t��,pdeltaC
i� �t��…

= Kher1
�deltaC

i� �t��

1 + �deltaC
i� �t��

1

1 + �her1
i �t���her7

i �t��

1

1 + �her1
i �t���her13.2

i �t��
, �3�

where �her13.2
i �t��= pher13.2

i / pher13.2
crit and pher13.2

crit is the critical
number of molecules of Her13.2 protein per cell, for inhibi-
tion of transcription. All other variables were defined in the
previous section. Thus, the temporal evolution of pher1 and
mher1 for every cell in the array are calculated with Eqs. �1�
and �3�, while the temporal evolution of pher7/deltaC and
mher7/deltaC for every cell in the array is calculated using Eqs.
�1� and �2�. The concentration of protein Her13.2, pher13.2, is
assumed to be high in posterior PSM before the arrival of the
wave front according to previous experimental results �30�.
The “freezing effect” proposed in the previous section means
that the interaction of the wave front with cell i is supposed
to fix mher1

i �t�—that is, mher1
i �t�=mher1

i �ti� for all t� ti, where
ti is the time of the passing of the wave front through the cell
i. pher13.2

i �t� is obtained from the previous condition, for t
� ti. Whenever this condition results in a pher13.2

i �t� beyond
the specified limits, it is forced to the nearest limit. In this
case the freezing effect is not fulfilled, and mher1

i �t� are cal-
culated with Eqs. �1� and �3�. Figure 4 shows pher13.2 as a
function of time for different cells. In Fig. 4 it can be seen

that there is a jump in protein concentration whenever the
wave front passes through the cell, implying that the Her13.2
protein concentration is high in posterior PSM and drops in
anterior PSM, agreeing with the experimental results. We
think that the overdamped oscillations in pher13.2 occurring at
a short period of time until a stationary state is reached may
be produced because we force abruptly the freezing effect in
our model. The inset in the Fig. 4 shows the somitic pattern
obtained considering the additional repressive term in fher1. It
is similar to the pattern obtained by the simple method of the
wave front stopping the oscillations shown in Fig. 3.

IV. STOCHASTIC MODEL

Our simulations above assumed that no noise was present
in the cells during transcription and translation, but as Lewis
has pointed out, the transcription step involved in protein
synthesis is essentially a stochastic process because of the
small number of molecules involved in the cell �39�: A DNA
molecule can randomly have a Her1, Her7, or Delta Notch
dimer bound to its regulatory site. When such a dimer does
bind, transcription is forbidden, whereas if no protein is
bound at a regulation site of the DNA molecule, transcription
occurs at the possible maximal rate.

The stochastic model for haploid cells is then constructed
by taking the deterministic one-dimensional model and con-
sidering the possible states �bound and dissociated� of all
regulatory sites of the her1, her7, and deltaC genes as sto-
chastic variables �12�. The protein and mRNA concentrations
are given by Eqs. �1� as in the deterministic case, but the
functions fk now describe a stochastic process and are there-
fore modified to

fher1/7„pher1
i �t��,pher7

i �t��,pdelta
i� �t��…

= Kher1/7�her1/7
i �t���1 − �her1/7

i� �t��� ,

fdeltaC„pher1
i �t��,pher7

i �t��,pdelta
i� �t��… = KdeltaC�deltaC

i �t�� , �4�

where the functions �her1/7, �her1/7, and �deltaC are random
variables taking a value 1 when no protein is bound at the
regulatory site and 0 when it is bound, with probabilities that
depend on protein concentrations pk�t�� in the cell i and in its
neighbor cell i�, at time t�= t−Tmk

when synthesis of mk�t�
begins �k=her1, her7, deltaC�. These probabilities at a given
time t are thus conditioned by the values the random vari-
ables take at an earlier time t�. Specifically the probability
that the random variables take value 1 �unbound� at the time
t+�t depends on the state of the appropriate regulatory site
at time t �bound or unbound�:

p10
rv�t + �t� = 1 − Prv�t + �t�	�Prv�t� = 0�,

if the regulatory site is bound at t ,

p11
rv�t + �t� = Prv�t + �t�	�Prv�t� = 1�,

if the regulatory site is unbound at t . �5�

In Eqs. �5�, p	

rv represents the probability that any random

variable rv has value 	 at t+�t if it had value 
 at t �rv can
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FIG. 4. Concentrations of protein molecules �number of mol-
ecules per cell� of gene her13.2 as a function of time for two dif-
ferent cells of the linear array. It is assumed that pher13.2

i �t�=250
molecules for all cell i of the linear array until the wave front
arrives at the time ti, which depends on the cell i. Then, pher13.2

i �t� is
obtained from the condition mher1

i �t�=mher1
i �ti� for t� ti denomi-

nated “freezing effect.” We take kk=200, pdeltaC
crit =40, and the other

parameter values as in Fig. 2. �Inset� Concentration of mRNA mol-
ecules of gene her1 as a function of cell number in the somites.
mher1 forms a presomitic pattern similar to the pattern obtained in
Sec. II.
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be �her1/7, �her1/7, or �deltaC and 	=1, 
=0,1�, while Prv�t� is
the probability that the regulatory site is free of repression.
This probability obeys the master equation

dPrv/dt = kof f
rv �1 − Prv� − kon

rvPrv. �6�

These kinetic coefficients are discussed in �12� �Supplemen-
tal Data�, where kon

rv the rate constant for protein binding is a
Michaelis-Menten function of the protein concentrations,
while kof f

rv is the rate constant for dissociation of the repressor
proteins from their regulatory DNA binding sites �typically
biologically kof f

rv 
1 min−1, implying a mean lifetime of
about 1 min for the repressor bound state�. The steady state
of the master equation is Prv=kof f

rv / �kof f
rv +kon

rv�. In the stochas-
tic system transcripts are assumed to be initiated at a zero
rate when the repressor is bound and at a maximal rate when
it is not bound. Then to make the correspondence between
the stochastic and deterministic systems, we must have
Kher1/7Pher1/7=Kher1/7 / �1+�her1�her7� and KdeltaCPdeltaC

=KdeltaC�deltaC / �1+�deltaC�, so that using the steady-state ex-
pression obtained above, kon

�her1/7 =kof f
�her1/7�her1�her7 and kon

�k

=kof f
�k /�deltaC, with �k=�her1/7 or �deltaC. Solving the master

equation with kon
rv previously obtained results in the forms

Prv�t+�t�=urv�1−exp�−v�t��+ Prv�t�exp�−vrv�t�, where
vrv= �kof f

rv +kon
rv� and urv=kof f

rv /vrv. Inserting these solutions
into Eq. �5� one obtains

p10
rv�t + �t� = urv�1 − e�−vrv�t��,

if the regulatory site is bound at t ,

p11
rv�t + �t� = urv�1 − e�−vrv�t�� + e�−vrv�t�,

if the regulatory site is unbound at t , �7�

where rv=�her1/7, �her1/7 or �deltaC.
Following the same procedure, the probability that the

random variables �rv� take value 0 at the time t+�t is given
by

p01
rv�t + �t� = �1 − urv��1 − e�−vrv�t��,

if the regulatory site is unbound at t ,

p00
rv�t + �t� = 1 − urv�1 − e�−vrv�t��,

if the regulatory site is bound at t . �8�

The temporal evolution of pk and mk for the cells of the
linear array are calculated with Eqs. �1�, while the function fk
that represents the rate of production of new mRNA mol-
ecules mk is given by Eqs. �4�. The random variables �her1/7,
�her1/7, and �deltaC are obtained through Eqs. �7� and �8�. The
simulations are performed as in the deterministic model �de-
tailed in Sec. II�: we begin with the linear array of Nstart cells
and integrate Eqs. �1�, and the growth of the PSM is assumed
to be produced by mitosis experienced by the last cells at the
posterior end of the linear array. The wave-front velocity is
given by the PSM growth rate of one cell every 5 min.
We assume that the wave front interacts with cells by stop-
ping the oscillations. The system with noise tends to the
deterministic system in the limit of large kof f

rv

�i.e., ��her1/7,deltaC�kof f
� →�=1 / �1+�her1�her7�, ��her1/7�kof f

� →�

=�deltaC / �1+�deltaC��. In Fig. 5, the concentration of mher1
versus time calculated using the deterministic model �de-
tailed in Sec. II� and the model with noise for a typically
biologic noise level �kof f

�her1/7 =kof f
�her1/7 =kof f

�deltaC =1� and for a

higher noise level �kof f
�her1/7 =kof f

�her1/7 =kof f
�deltaC =0.1� are com-

pared. A random variability in the amplitude and shape of
individual oscillation peaks can be seen for both results ob-
tained with noise. In addition, as the amplitude of noise in-
creases, the oscillations of mher1 are not in phase with the
deterministic model oscillations. Nevertheless, the oscilla-
tions are practically synchronized between the deterministic
and the typically biologic noise level. These results are in
good agreement with those of �12�.

Finally, a somite pattern for the stochastic model is shown
in Fig. 6. The wave front advances at a speed of 5 min per
cell, freezing the oscillations of protein and mRNA concen-
trations.

V. PERTURBATION OF THE SOMITOGENESIS WAVE
FRONT

Finally perturbations in Fgf8 concentration are simulated
as transient manipulation of the wave front and their conse-
quences on the size of the somites are analyzed. An experi-
mental prediction related to delay times dependence of our
model is proposed.

The concentration of Fgf8 signaling is high in the caudal
PSM and drops between the intermediate and the rostral
PSM as indicated by the top part of the Fig. 1. In this paper
we assume that somite formation can begin when the Fgf8
signaling falls below a critical level and this level moves
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FIG. 5. Concentration of messenger RNA molecules �number of
molecules per cell� of gene her1 as a function of time for any cell of
the linear array. Comparison of results obtained using the determin-
istic one-dimensional model described in Sec. II �solid line� and
the stochastic model for a typically biologically noise level �dashed
line, kof f

�her1/7 =kof f
�her1/7 =kof f

�deltaC =1� and for a higher noise level �dotted

line, kof f
�her1/7 =kof f

�her1/7 =kof f
�deltaC =0.1�. The parameter values are a=4.5,

b=0.23, c=0.23, Kk=33, pher1/7
crit =40, pdelta

crit =1000, Tmher1
=20.5,

Tmher7
=15, TmdeltaC

=16, Tpher1
=2.8, Tpher7

=1.7, and TpdeltaC
=20 min.

The concentrations of protein and message molecules have the
same behavior as the concentration of mher1 shown in this figure.
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towards the caudal end of the PSM with a constant velocity.
Now it is known that a transient manipulation of the wave
front in zebrafish embryos alters the size of the somites �35�:
smaller somites result when there is transient inhibition of
Fgf8 signaling, whereas larger somites result in the presence
of transient activation. Chemical inhibitor and transplanta-
tion of Fgf8 beads are used for altering the level of Fgf8
signaling that regulates the position of the wave front within
the PSM �11,40�. The alteration of Fgf8 level is present in a
reduced PSM zone and is independent of the growth of the
caudal region.

Assuming that such perturbations in Fgf8 concentration
directly result in changes in the wave-front velocity, we will
modify the wave-front velocity in our model and analyze
their consequences. The perturbed pattern of the resulting
somites depends on how the wave-front velocity changes. In
Fig. 7 an example of such perturbations is shown that has
been obtained with the deterministic one-dimensional model
by altering the wave-front velocity. The other parameters in
the model required for finding the protein and mRNA con-
centrations are the same as in Fig. 3. Specifically, as in the
unperturbed system, the wave front initially advances a rate
of 5 min per cell, but between cells 60 and 100 the wave
front is perturbed. The velocity is increased to 3 min per cell
in the cell interval �60, 100� and larger somites are formed
�see Fig. 7� in comparison with the results of Fig. 3. On the
other hand, when the velocity is decreased in a group of cells
smaller somites are formed. In general, alterations of the
wave-front velocity perturb the resulting somite pattern in a
grossly irregular manner. Similar results were recently ob-
tained with a mathematical formulation of another version of
the clock and wave-front model by Baker, Schnell, and
Maini �4,13�.

In order to test the validity of our model, we propose to
perturb somitic pattern altering the segmentation clock pe-
riod. The oscillation period depends on the FGF8 concentra-
tion level �41� because the cells located at the region of high
FGF8 concentration display period oscillations longer than
those of low FGF8 concentration in order that the cells in the
anterior region of the PSM slow down and finally cease their
oscillations as they emerge from the PSM and begin differ-
entiation. The alteration of the segmentation clock period
might then be possible in an experiment by modifying the
FGF8 concentration level on the whole extent of the PSM.
According to the assumption of our model FGF8 concentra-
tion variation has an effect only on her1/7 messengers and
proteins. If the delay times associated with her1/7 messen-
gers and proteins are reduced, the number of somites in-
creases, while the average somite size decreases. This behav-
ior is produced by decreasing the delay time associated with
her1/7 messengers and proteins until a given threshold in
which the temporal oscillations are lost and correspondingly
the somitic pattern disappears �12�. This is an experimental
prediction related to delay times dependence of our model
that can be used in some future experiment to test its validity.

VI. CONCLUSIONS

In this paper we introduce an extension of the “delay
model” for the genetic network associated with zebrafish
somitogenesis �12� by taking into account the interaction of
the oscillation clock with the determination front to obtain a
growing approximately spatially periodic sequence of
somites for the zebrafish embryo. The determination front
represents the position at which the FGF8 concentration
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FIG. 6. Concentration of messenger molecules �number of mol-
ecules per cell� of gene her1 as a function of the number of cell at
the linear array. The concentrations were calculated using the sto-
chastic model for haploid cells with a noise level given by kof f

�her1/7

=kof f
�her1/7 =kof f

�deltaC =1 and assuming the rest of the parameters equal to
the used ones in Fig. 5. The wave front advances at a speed of
5 min by cell and the initial PSM is of 100 cells. Somites obtained
in the simulation at t=900 min are shown here. All the other con-
centrations of protein and message molecules in the cells �i.e., pk

with k=her1, her7, deltaC and mk with k=her7, deltaC� have simi-
lar behavior as the concentration of mher1.
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FIG. 7. Concentration of gene her1 mRNA �number of mol-
ecules per cell� as a function of the number of cell in the linear
array. The concentrations were calculated using the deterministic
version of the one-dimensional model and assuming the same pa-
rameter values as in Figs. 2 �see caption� and 3. The wave front
advances at velocity of 5 min per cell, but between cells 60 and 100
there is a perturbation in the Fgf8 levels, resulting in a change in the
wave-front velocity: the velocity increases to 3 min per cell. The
patterns of somites are altered by the perturbations �see Fig. 3�.

CONVERTING GENETIC NETWORK OSCILLATIONS… PHYSICAL REVIEW E 78, 021906 �2008�

021906-7



gradient falls below a critical value. We assume that the Fgf8
concentration acts as a morphogen creating an intracellular
signalling cascade that ultimately controls transcription and
translation of the gene products. As a first approximation, we
simply propose that the Fgf8 concentration level acts as an
on-off switch by stopping the gene oscillations �Fig. 3�. In
order to consider a genetic network related explanation for
the on-off switching we use that a Hes6-related hairy/
Enhancer of split-related gene, her13.2, links FGF signaling
to the Notch-regulated oscillation machinery in zebrafish to
include an additional term to enhance the self-repression of
her1 through formation of Her1-Her13.2 heterodimer com-
plex �38�. The condition of stopping gene oscillations is used
to calculate the Her13.2 protein concentration, which is high
in posterior PSM and drops in anterior PSM agreeing with
the experimental results �Fig. 4�.

On the other hand, we also consider the consequences that
gene regulation is in reality a noisy process which is likely to
be crucial in a real developmental situation because of the
small number of intracellular molecules involved. The pre-
somitic pattern obtained with a typical noise level is qualita-
tively the same that the deterministic one �Fig. 6�.

We simulated the transient manipulation of the wave front
in zebrafish embryos �35�. Larger somites are formed when
the wave-front velocity is locally increased, whereas smaller
somites result if there is a local decrease in the wave-front
velocity �Fig. 7�. We propose another way to perturb the
presomitic pattern by changing the segmentation clock pe-
riod. When her1/her7 messengers and proteins delay times
are reduced, the number of somites increases, while the av-
erage somite size decreases. This an experimental prediction
of our model that can be used in some future experiment to
test its validity.
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